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Abstract. We show that the log canonical bundle, k, of Mo,n is very ample, 
show the homogeneous coordinate ring is Koszul, and give a nice set of rank 4 
quadratic generators for the homogeneous ideal: The embedding is equivariant 
for the symmetric group, and the image lies on many Segre embedded copies 
of X ■ • ■ X P"~^, permuted by the symmetric group. The homogeneous ideal 
of Mo,n is the sum of the homogeneous ideals of these Segre embeddings. 



§1. Introduction and Statement of Results 

Let Ms — Mo^n be the moduli space of stable n-pointed curves, with marked 
points labeled by the elements of the finite set S, with cardinality \S\ — n, over an 
algebraically closed field k of characteristic zero. Our goal is to study the equations 
of AIs in its most natural embedding. For a finite set T, let Wt be the standard 
irreducible representation of the symmetric group Aut(T), i.e. T-tuples of integers 
that sum to zero. 

1.1. Theorem. The log canonical line bundle 

is very ample on Ms, where B := Ms \ Ms is the boundary. A flag of subsets 

S3 C 5*4 C • • • C Sn = S 

of S with \Sk \ ~ k canonically induces an identification 

H°(Ms, k)^Ws,(^Ws, Ws„_, 

and Ms C ¥{H^{M s, k)*) factors through a Segre embedding 

nwl)xnw*sj X ... xP(t^^_J cP(i/0(Ms,«;)*). 

The homogeneous ideal of M s is the sum of the homogeneous ideals for all Segre 
embeddings over all flags of subsets, i.e. we have the ideal theoretic equality 

Ms= fl P(W^4) xP(W^^J X ... xP(W^^_ J cP(i/°(M5, 

SaCS4---CS 

The coordinate ring i? := H'^{M s, k**") has very nice properties: 

ji>0 

1.2. Theorem. R is Koszul, i.e. the trivial R-module k has a resolution of form 

> i?[-fc]'^'= ^ R[-{k - l)]"^-i > i?hl]°i ^ i? ^ fc ^ 0. 

Ms is projectively normal, i.e. the natural map 

Sym'(i?i) ^ R 

is surjective. Its kernel is generated by quadrics of rank at most 4. 
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The embedding 

Ms C P := X • • • X P"-^ 
has nice properties as well. Let 

and let B be the coordinate ring 

B :=0ff°(P,£®"). 

n>0 

1.3. Theorem. R is the homogeneous coordinate ring of Ms C P. The embedding 
satisfies the analog of Green-Lazarsf eld's property Np for all p i.e. the minimal 
resolution of R over B is of form 

> B[-k]'"' ^ y B[-2]"^ ^B^R^O. 

1.4. Remark. The analogous statement for 

Ms C F{H^{k)*) 

fails. For example Mo,5 C P^ fails to satisfy N^. In fact the only non-degenerate 
irreducible subvarieties X of projective space that satisfy Np for all p are varieties 

of minimal degree degX = 1 -|-codimX, i.e. quadric hypcrsurfaces, rational normal 
scrolls, or a cone over the Veronese surface in P^, see [EH, EG]. 

We note that the compactification Ms C Ms is canonical, indeed the so called 
log canonical compactification of (the log minimal variety) Ms, see [KT], and the 
coordinate ring R is the log canonical ring of Ms- 

The above results allow us to construct Ms from Ms in a purely topological and 
combinatorial way: Dropping the last point gives a tautological fibration 

TT : Mo,„ ^ Mo,„-i 

with fibre P^ \ {pi, . . . ,Pn-i} for the distinct points pi,. ■ ■ ,Pn-i- 

Arnold [Ar] observed that the Leray spectral sequence degenerates at the E'^ 
term inducing a canonical isomorphism 

iJ"-3(Mo,„, Z) = 7?"-4(Mo,„_i, Z) (E)H\¥^\{pi,...,pn-i}, Z) 

See Theorem 2.5. By induction we have 

n-l 

H"-^{Mo,n, Z) = (g)ifi(pi \ {pu . . . ,Pi},Z). 

1=3 

Note that H^{P^ \ {pi. . . . ,pi},Z) is naturally identified with Wi, the standard 
irreducible representation of the symmetric group Aut{pi, . . . We have in 

particular a tautological identification 

if„_3(Mo,„, z) = . . . w:_,. 

The symmetric group Sn acts naturally on Mo,n, and so it acts on the left hand 

side of the above equality. This is the so-called Whitchousc module, introduced by 
Kontsevich [K] in the context of (cyclic) Lie operads. This action does not preserve 
the tensor product, but by 1.1 (see Theorem 2.5) we have 
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1.5. Corollary. Let X be the set of totally deeom,posa,ble elements (i.e. elements 
of form X3(E)X2(E) ■ ■ ■ ® a;„_i that remain deeomposable under the symmetric group). 
X is closed under scalar multiplication and so defines a subset 

P(X)cP(i/„_3(Mo,„,C)). 

This subset is canonically identified with Mo,„, embedded by the full log canonical 
series I^^m^^ +9Mo,„| o/Mo,„. 

Thus in particular we see that the compactilication Mo,„ C Mq ^ can be canoni- 
cally recovered from the homology of the spaces Mo,fc together with their symmetric 
group action, i.e. from the cyclic Lie operad [Ge]. 

The paper is organized as follows: §8 contains the proof of Theorem 1.1. §7 con- 
tains the proof of Theorems 1.2-1.3. The main tools are the syzygy bundles on Ms, 
introduced in §4, and strong vanishing theorems they satisfy, proved in §6. 

We are grateful to Alexander Polishchuk for help with Koszul algebras, to Gavril 
Farkas for help with syzygics, and to Sandor Kovacz, Hal Schenk, Prank Sottile, 
and Bernd Sturmfels for stimulating discussions. 

§2. Preliminary Results 
Throughout the paper we will make use of the following non-standard notation: 

2.1. Notation. Wc will say that a module (or sheaf) M is extended from modules 
(or sheaves) with a given property if there is a finite filtration 

= M'' C Af-i • • • C C M° = M 

such that each of the quotients M'/M*+^ has the given property. Similarly, we say 
that M is extended from the collection of submodules (or sheaves) M*/M'+^. 

Por a subset T c S, let 

TTT : 'Ms Mt 

be the tautological fibration given by dropping the points of 5'\r (and stabilizing). 

Let s G S and let S' = S \ {s}. ns' has n — 1 tautological sections, which we 
indicate by the elements of S'. Let 

iJs ■.= uj^,,{S'). 

Por any subset T C S with |T|, |S'\T| > 2, let (5r be the corresponding boundary 
divisor of Ms. 

We refer to [Ke], [Kal], and [Fa] for background material on Ms- We will make 
in particular frequent use of the formulae in [Fa] for pullbacks of tautological line 
bundles under the canonical fibrations ttt- In this section k may have arbitrary 
characteristic. Throughout the paper we will often abuse notation and use the 
same symbol for a sheaf and its pullback under some morphism. 

2.2. Notation. For a subset T c 5, let := S\ T. 

2.3. Lemma. Formation ofnTt^ii^t) commutes with all pullbacks, and for any vector 
bundle F on Mt* there are canonical identifications 



ffO(MT,7r^t(F) ® ^0 = H°{Mt^,F) <^k Wt* 
induced by taking residues along the tautological sections T*. 
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Let [C] e Mt be a stable T-pointed rational curve. Taking residues at the points 
t gT gives a canonical identification 

H%C,u;c{T)) = Wt. 

Proof. Let tt := ttt*. We have the natural exact sequence 

where S means the disjoint union of the sections T*. Taking residues gives a 

canonical identification of the right hand term with Os- Note ipt — by 
definition. H^{C,u!c{T*j) = for a r*-pointed stable curve of genus 0, so i?^7r,(V's) 
vanishes, and R^'jt^{4's) are vector bundles and their formation commutes with all 
base extensions, for all z, by the semi-continuity theorem. 

Applying 7r» and using the duality identification i?^7r*(a;^) = O we obtain a 
natural exact sequence 

O-7r.(Vt)-0a., -Om,, -0 

where the map Ox,t Mt* is the identity (note 6x,t is the section corresponding 
to X e T*). Whence the identification 'K*{'ipt) = Wt* ® O. R}-K*{^t) is zero. The 
rest follows from this and the projection formula. □ 

2.4. Definition. For a subset F c S, let Kp := t^p{k) and Lp := n® K*p. 

2.5. Lemma. Let F cT c S be subsets, with \F\ > 3. Let 

T = T\T\ C T\T\+i ■■■ C T\s\ = S 
be a flag of subsets, and define ti := Ti \ Ti+i for i > \T\. Then 

Lp=W^iLp) (g) TT^^i^tJ 
\S\>^>\T\ 

Proof. Note by definitions 

Lp (E) Tr^{Lp) — K(E) K^. 

This we compute by induction on \ T|. Its enough to consider the case T = S^, 
and so prove the formula 

TTss (k) iSllps = K (1) 

which is given by wedge product of forms. □ 

2.6. Corollary. There is a canonical identification 

H'^i'Ms, k) = H°(Mss ,Kss)® H^'iMs, i's). 
A flag of subsets as in Theorem 1.1 canonically induces identifications 
H°(Ms,k)= (g) H°(Ms„i^s,)= (g) Ws,_, 

n>i>4 n>i>4 

Proof. Immediate from Lemma 2.5 and Lemma 2.3. □ 

2.7. Corollary. Lp is globally generated and big. k is very ample. 
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Proof. Consider first Lp. By (2.5) and induction it's enough to consider tpi. Global 
generation of ipi is due to Kapranov, the associated map is his birational contraction 



Ms 



,\S\-3 



See [Kal, 2.9]. Now it follows from (2.6) and induction, that k is globally generated, 
and the map given by global sections 

Ms^nH°(Ms,Kr) 

factors through the Segre embedding 

Msa X P(FO(Ms,^.)*) C P(/f°(Ms3,K)*) X P(ifO(Ms, V.)*). 
To prove the map 

Ms^Mssx¥{H°(Ms,i^sy) 

is a closed embedding, it is enough to prove this for the restriction to each fibre 
C = 7rgs^([C]) of 7rs». But by Lemma 2.3 restriction gives a canonical identification 

and one checks easily that on the stable S'^-pointed curve C, lvc{S^) is very ample. 

□ 

Next we prove a topological analog of Corollary 2.6. 

2.8. Corollary. Given a,b € T there is a unique section 

io{ab) G H°{C,u)c{T)) 

which has residue 1 at a, —1 at b, and is regular everywhere else. Let a,b £ F c T 
with > 3 and let 

be the stabilisation of (C, F) . Fullback induces canonical identifications 

H°{C',uJc'{F)) = H°{C,coc{F)) C H°{C,iJciT)) 
under which ijj{ab) is sent to u){ab). 

Froof. This is immediate from Lemma 2.3 and the definition of stabilization. □ 

2.9. Lemma. Given distinct a,b E S there is a a global 1-form 

<jj £ H"(Ms,n\logdMs)) 
whose restriction to C C Ms is uj{ab), for all [C] G Ms::. 
Froof. We have a commutative diagram 

Ms Mfus = C'=F^ 

TTss 

Ms- ) MF=pt 

where C is as in Lemma 2.8. Now we take for u) the puUback of ijo{ab) from C . □ 
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2.10. Theorem. Let pi, . . . ,Pn-i be distinct points in P^. Over the complex num- 
bers there are vector space identifications 

H'{Mn,C) = H'{Mn-l,C) ® H'{^^ \{P1,... ,Pn-l}, Q 

H'{Mn,C) = IS>7=3 H'{F^ \ {pi, . . . ,pi},C) 
and canonical identifications 

i?"-3(M„, c) = 0:r3^ H\p^\{p,,...,p,}, c) 

7J"-3(M„,C) =iJO(M„,K) 

Proof. For [C] e Ms^ and fixed a € the differential forms u){ab), b e S*'" give a 
basis of 

H\C,uJc{Sn) = H\C\S',C)- 
By Lemma 2.9 these are restrictions of global log forms, and in particular global 
cohomology classes. Thus by induction and the Leray-Hirsch theorem, [BT, 5.11], 
there is an additive isomorphism 

iJ • (Ms , C) = • (Ms« , C) (g) • (Pi \ S•^ C) . 

and H'{Ms, C) is generated by meromorphic 1-forms with log poles on the bound- 
ary. By [De], such forms are never exact. Note the last formula is just the k = n — 3 
case of the preceding formula. The isomorphism given by the Leray-Hirsch theo- 
rem depends on choosing global lifts for the u){ab). However in the top degree it is 
independent of choices. □ 

§3. FiLTRATIONS 

For any globally generated line bundle X on a projective variety X, we define a 
vector bundle Vl by the exact sequence 

^ Vl ^ L)^Ox^L^0. 

3.1. Lemma. There is a natural exact sequence 

^ 7r*stiV^J ^ V^^ ^ 0{-6s,t) ^ 0. 

3.2. Corollary. Choose a flag of subsets 

S3 c S4 c . . . Sn = S 
as in (1.1). V^^ is extended from the line bundles 

for \S\>i> 4. 

A'^K/i, is extended from line bundles of form 0(—E) with E a sum of distinct 
boundary divisors with a = b ^ s, where Ss = {a, b, s} and we think of boundary 
divisors as a partition (or equivalence relation) on S. 

Proof. Immediate from the Lemma, and the formula for pulling back boundary 
divisors under maps ttt- □ 
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Proof of Lemma 3.1. We have 



i/'s = 7rst(V',s)®0(5,s,t) 

and V'ska.t is canonically trivial (by taking residues). This induces a commutative 
diagram with exact rows and columns 





> T,*s,{H°{xPs))®kOT^^ 



Ms 



0(-'5«,t) 

1 





Here the second row is obtained from the third by taking global sections - which 
gives a short exact sequence of vector spaces as the term vanishes - and then 
tensoring with the structure sheaf Ojj^ . Now the first row is given by taking kernels 
of the vertical maps. 

Now the rcsiilt follows from the snake lemma. □ 

3.3. Lemma. Leta,b,s G S be distinct. Let E be the (reduced) union of all boundary 
divisors of Ms with a = b ^ s. Then there is member of \k\ which is an effective 
combination of irreducible components of B — E. 

Proof. We induct on \S\. For \S\ = 4 we can take 5a,s- By induction it is enough 
to find a member of \ipt\, t S sa;b,s ^ supported on components oi B — E. This is 
clear from Lemma 3.4. □ 

3.4. Lemma. 

E 

is linearly equivalent to ■^f 

Proof. The sum above is ^J'(^'t((5o,s)) where 

*t : Ms ^ Pl^l"^ 

is the Kapranov model. ^t{Sa,s) is a hyperplane, and so the above puUback repre- 
sents ipf □ 

3.5. Lemma. A'^V^, CE) k, is extended from globally generated line bundles. It is also 
extended from, line bundles of form 0{E) where E is a divisor linearly equivalent 
to a Q-divisor of form + A + A, for A an effective combination of boundary 
divisors with coefficients strictly less than one, and A an ample divisor. 
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Proof. By Corollary 3.2, A'V^^ ® k is extended from line bundles associated to 
divisors 

l=r 

t=i 

for some sequence of integers 

n>r>r — l--->ri>A. 
Global generation of such a divisor follows by induction, the formulae 

and the global generation of k and ipi. 

The second statement is immediate from Lemma 3.2 and Lemma 3.3. □ 

3.6. Corollary. if'(A«y^3 0«;(8)M) = for any i> and any nef line bundle M. 

Proof. This is immediate from the preceding Lemma and the Kawamata-Viehweg 
vanishing theorem. □ 

3.7. Corollary. Let (C, S"*) be an S-'' -pointed stable curve and := uciS''). Then 
iJ*(C, A«(K/,) ® ijj) = for i > 0, and H°{Ai{V^)) = for all q > 0. The log 
canonical embedding C C P{H'^{C,ujc{S'^))*) satisfies Green-Lazarsf eld's condition 
Np for allp> 0. 

Proof C = TTg}[C] C Ms, -0 = V-sIc = k\c, and = V^Jc- A«l/^^ is ex- 
tended from line bundles satisfying the Kawamata-Vichwcg vanishing theorem by 
Lemma 3.5, and restriction. This gives the vanishing result, which implies Np for 
all p, see [GL]. By Lemma 3.2 and restriction, A''(V,p) is extended from line bundles 
with no global sections, and thus has itself no global sections. □ 

§4. The syzygy bundles 

We begin by giving a canonical resolution of the structure sheaf of Mg by natural 
vector bundles over Mgs x P"~^, using a special case of the Beilinson spectral 
sequences as in [GLP]. 

The diagonal embedding 

P'' C P'' X P*^ 

is the zero locus of a regular tautological section of Ve)(i) KlC'(l). For any morphism 
/ : X ^ P'' the section pulls back to a regular section of ^£^0(1), C := f*{0{l)), 
on X xW^ with zero locus the graph X = rf c X xW. The Koszul complex then 
gives an exact sequence 

^ A'^Vc K 0{-r) ^ >VcM Oi~l) ^ Oxxp- ^ Ox ^ 0. (2) 

We have a closed embedding $ : Ms C Ms' x P"--^ given by tt := Trgs and the 
linear series \tps\, see the proof of Corollary 2.7. 

4.1. Lemma. 7V4« := i?^7r*(A'^+^l/0j is a vector bundle onJls" for q > 0. M° = 0. 
One has an exact sequence of sheaves on Ms' x P-'^"^; 

^ ^ 0(3 - AT) ^ . . . ^ XI ^ 0{-2) ^ Ojj^, ^p._3 - ^ (3) 
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The fibre of M'' at the point [C] G Mgs is canonically identified with the q-th syzygy 
for the -pointed stable curve (C, S^) C P"~^, i.e. 

M«|[C]=Tor^(fc,B) 

where A — i?(P"~^, 0(1)) is the homogeneous coordinate ring of and B = 

R{C,u!c{S'^)) is the homogeneous coordinate ring of C C P"""^, for q > 0. 

Proof. We apply the above construction in the case oi X = Ms P"~'^, and push 
forward the sequence (2) along 

p = 7rxid:MsX P""^ 

where the fibres of p (or equivalently tt) are S^-pointed stable curves. So the 
formation of (A'^+^T/i/, J commute with all base extensions, vanish for i = or 
i = q = 1, and are vector bundles for i = 1, by Lemma 3.7. 

Exactness of (3) follows by analyzing the spectral sequence for the hyperderived 
pushforward: 

Elj = Wp,ir), i<i, j>o 

with J^-' = A*(F^J H 0{-i), i <0, J^'^ = Oj^^. Since (2) is exact, the spectral 
sequence abuts to zero. By 3.7, the sequence has only two non-zero rows: 

El^i : > R^p^A^V^^) m 0{-3) ^ i?V(AV^J M 0{-2) ^0^0... 

and 

: . . . ^ ^ O^^, ^P„_3 ^MOms)^^^^---- 
The exactness of (3) follows easily. 

If we restrict (3) to [C] x P"~3 remains exact (for example by the flatness of tt) 
and we obtain the exact sequence of sheaves on P"-^: 

^ H\C, A"-^V^)'E>Or^-3{-{n-3)) > H^C, A^V^,)(S,Oi-2) C>p„-3 ^ Oc 

where tp :~ ipslc as in Lemma 3.7. Tensor with ® 0{n) and take global sections, 

n>0 

a simple spectral sequence analysis shows the resulting sequence of i?(P"~^, 0(1)) 
modules is exact. This yields a resolution of the homogeneous coordinate ring of 
R{C, ip)- Note each of the maps is given by linear forms, and thus when we tensor 
with k, the maps in the resulting complex are all zero, and thus the terms of the 
sequence are identified with the relevant Tors. □ 

Let T = S^. Observe the vector bundle, M^, on Mt is intrinsic to Mt (it does 
not depend on S). When there is the possibility of confusion we refer to it as M^. 

4.2. Lemma. Let s,t € S. Let E be a vector bundle on Ms*. There are canonical 
identifications 

for all p > 0. 

Proof. Consider first the commutative pull back diagram: 

RPni^TT^iE)) = Tr*st.s{R''7rss,.,{E)) 
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since Trgs,* is flat, see [Ha, 9.3]. Now by the Leray spectral sequence and the 
projection formula it is enough to show that 

i?«/*(C) = 

for g > where 

is the natural map. This holds as the map is birational and the image has rational 
singularities, see e.g. [Ke, pg. 548]. □ 

4.3. Theorem. For t G A there is a vector bundle Q on Ma and exact sequences 

^ A^^, ^ ^ Q ^ (4) 

O^A^iV^J^Q^Ml-'^O (5) 
Proof. Let A = S"*. The exact sequence (3.1) yields 

T^S" *{0{—Ss,t)) = since Ss,t is a section of ns'- So by Lemma 4.2 we obtain 
the exact sequence 

^ n*ssAMn ^ -^Q^O 

where 

Q := R'7rssA7r*s,{AP{V^J)^0{-S,,t)). 
We study Q beginning with the exact sequence: 

- 7r*s.{A^{V^J) ® 0{-6,,,) - 7r*s.{A''{Vi.J) - ^hi^^iV^Ms., - 0. 

Since Sg^t is a section of tt^s, R^ttss^ vanishes on the right term. Trgs^ applied to 
the middle term gives 

7rs»*(7rJ*(A^(V^^3))) = ^hA^SuiA^V^J)) = 
by Lemma 4.2 and Lemma 3.7. So we obtain the exact sequence: 

□ 

We have the immediate: 

4.4. Corollary. A flag of subsets 

S'a C 5*4 c • • • c Sn = S 
as in (1.1) extends A4-g from vector bundles of form tt^, (A'V,/,^ , ) for p > q. 

4.5. Corollary. 

Proof. An easy induction argument using Theorem 4.3 and Lemma 2.6. □ 
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4.6. Remark. As is the bundle with fibre at [C] the fc-th syzygy module, it 
is naturally a subbundle of the trivial bundle Sym2(V) (g) V®''^^"'^' where V is the 
trivial bundle V := n^{V^J, e.g. C Sym2(V) (8) O has fibre at [C] the space 
of conies vanishing on C C P'-^'~^, A4^ C A4^ (8)V has fibre the linear relations 
among these quadrics, etc. As a sub bundle of a trivial bundle, M'^ induces a map 
of Mt to a Grassmannian. By Corollary 4.5 the first Chern class of M-'^ is ample, 
thus the map is finite, and one can check (with a bit of work) that it is in each 
case a closed embedding, (at least) two of which have been previously studied: As 
noted C Sym2(V) gives fibrewise the space of conies vanishing on C C P'-^'^^. 
By Lemma 3.7 C is cut out by such quadrics. The induced closed embedding is 
Kapranov's realization of Mgs as the closure in the Hilbert scheme of the locus of 
rational normal curves in pi^l"^ through \T\ fixed points. See [Kal]. Let T := S^, 
TT := ttt- 

All^|-3 = i?V.(Al^l-V^J = R\4ujA^)) 
where S is the union of the |T| tautological sections. It follows then by the defor- 
mation theory of pairs that is the log tangent bundle Tjj^{— \ogB), and 
one can check that the map to the Grassmannian is given by the space of global 
log 1-forms. The induced map to projective space (composing with the Pliicker 
embedding of the Grassmannian) is the log canonical embedding of Mt, and is an 
instance of a general construction that holds for any complement to a hyperplane 
arrangement, see [HKT]. 

§5. KOSZULNESS AND p-LINEARITY 

In this section A= A„ is a commutative graded algebra over a field Ao = k 

n>0 

and M is a graded A-module. All our modules are concentrated in nonnegative 
degrees. 

5.1. Definition. M is called p-linear if Torf (M, k) is concentrated in degrees + 
1, . . . ,i + p. A is called Koszul if the trivial A- module Ai^ — k is 0-linear. 

5.2. Example. A polynomial algebra S over k (graded by total degree) is Koszul: 
the minimal resolution of k over S is given by the standard Koszul complex. 

Among the many nice properties of Koszul algebras we note the result of [BGS, 
2.3.3]: 

5.3. Theorem. Let A he a Koszul algebra. Then the natural map 

Syni^„(^i) ^ A 
is surjective, and its kernel is generated by degree two elements. 

5.4. Lemma. Consider a short exact sequence of graded A-modules: 

0-^ M' M ^ M" -^0. (6) 

If M' and M" are k-linear then M is k-linear. If M is k-linear and M" is (fc — 1)- 
linear then M' is k-linear. If M is k-linear and M' is {k + l)-linear then M" is 
k-linear. 

Proof. All statements immediately follow from the long exact sequence for Tor. □ 

5.5. Corollary. // M is extended from k-linear modules then M is k-linear. 
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Proof. Induction on the depth of the filtration using Lemma 5.4. □ 

5.6. Lemma. // A is Koszul and M is concentrated in degrees at most p then M is 
p-linear. 

Proof. M has the natural filtration 

M = M>o D M>i D • • • D M>p+i = 
where M>i := M„. Thus M is extended from the modules M>j/M>i_|_i. 

n>i 

M>i/M>i+i is a fc-module (i.e. annihilated by A„, n > 0) concentrated in de- 
gree ?', and thus i-linear by the definition of a Koszul algebra. Thus M is p-linear 
by Corollary 5.5. □ 

5.7. Lemma. If A is Koszul then M is k-linear iff M' := M„ is k-linear. 

n>k 

Proof. Consider the short exact sequence (6), where M" = ©„<feM„ has a natural 
structure of a nilpotcnt A-module. M" is {k — l)-linear by Lemma 5.6. Therefore 
M is fc-linear by Lemma 5.4. □ 

5.8. Lemma. Consider the com,plex of graded A-m,odules 

^ M'' . . . M° 0. (7) 

Assume that M'^ is p + k-linear, for k >1, and that the cohomology module H'^ is 
p + k+ 1-linear for k>0. Then M° is p+ 1-linear. 

5.9. Remark. We will use this Lemma in the situation when A is Koszul and H'^ is 
concentrated in degrees at most p + k+1, and thus p + k + 1-linear by Lemma 5.6. 

Proof. Let d'' : —>■ M'=~^ be the differential with kernel Ker^ and image Im'^. 
We argue by induction, the case r = being obvious. Consider the complex 

^ ^ . . . ^ ^ ^ Ker^ ^ 

that obviously has the same cohomology as the original complex. It follows by 
induction that Ker^ is {p + 2)-linear. 
By Lemma 5.4 and the sequence 

^ Ker^ ^ ^ Im^ ^ 

it follows that Im"^ is (p -|- l)-linear. 
By Lemma 5.4 and the sequence 

Im^ ^ M° ^ ^ 

it follows that M° is {p + l)-linear. □ 

5.10. Definition (Segre Product). For graded fc-modules A'' and M let 

AT § M := iV„ (8)fe M„ 

n>0 

5.11. Proposition. Let A and B he Koszul algebras. Then A % B is a Koszul 
algebra. Moreover, if M is p-linear over A, and N is p-linear over B, then M ^ N 
is p-linear over A^ B. 
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Proof. For p — this is the content of [CHTV, 6.5]. In particular (taking M = 
N = k), B is Koszul. 

For a graded vector space V let 

V(p) :=0y„+p. 

n>0 

Observe (M § N){p) = M{p) §> N{p), and that by Lemma 5.7 M is p-linear iff 
M(p) is 0-linear. Thus the p-lineai case is reduced to the zero linear case. □ 

The following is a slight generalisation of [P, Theorem 1.2]. 

5.12. Lemma. Let B he a homomorphism of graded rings, with Aq = Bq = k. 
Assume B is 1-linear over A. Let M be a graded B-module. If M is p-linear over A, 
then M is p-linear over B. 

Proof. The case of M = A; is [P, 1.2]. The same proof works for any M. □ 

5.13. Definition. For any sheaves £, M. on an algebraic variety X, we define 
g''{M,C) = ^g^{M,C), where {M, C) = H\X,M ® C^^). 

We drop X from notation if it's clear from the context. We let g{C) := g{Ox,.C). 
Notice that g{jC) is a graded fc-algebra and g{A4,jC) is a graded ^(£)-module. We 
call C a Koszul sheaf if Q (C) is a Koszul algebra. We call A4 p-linear over jC if 
g{M, £) is p-linear over g{C). 

5.14. Lemma. Let jC on X be a very ample line bundle and assume the coordinate 
ring B := Q^{C) is Koszul. Assume the embedding f : Y ^ X is non-degenerate, 
i.e. 

H\X,C)^H\Y,C\y) 
is an isomorphism. Then ft:{OY) is 1-linear over £ iff the minimal resolution of 
R := {C\y) over B is of form 

> Bl-kf" > B[-2]"^ -> B ^ i? -> 

Proof. Clearly if we have such a resolution then R is 1-linear. So assume R is 
1-linear over B. By Lemma 5.12 R is Koszul, thus generated by degree 1 elements 
by Theorem 5.3. Thus B ^ R is surjcctive and the kernel, K, is generated by 
elements of degree at least 2. Consider now a minimal free resolution of K: 

>Fk^ >F2^K^0. 

Clearly minimal generators of Fk have degree at least k. But K is 2-linear by 
Lemma 5.4, thus minimal generators of F/- are of degree exactly k, see e.g. the 

second paragraph of [PR]. □ 

5.15. Lemma. Let Ci, Mi be sheaves on Xi, i = 1,2. Assume that d is Koszul 
and Mi is p-linear over Ci, i = 1,2. Then L\ Kl £2 is a Koszul sheaf on Xi x X2 
and Ml Kl M2 is p-linear over £1 lEl £2. 

Proof. Immediate from Lemma 5.11. □ 

5.16. Lemma. Let f : Y X be a, closed emhedding. Let £ he the Koszul sheaf on 
X. Assume that ft,{OY) is 1-linear over C Then C\y is Koszul. Moreover, if M 
is the sheaf on Y and f*{M) is p-linear over £ then M is p-linear over C\y. 

Proof. Immediately follows from Lemma 5.12. □ 
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§6. Fundamental vector bundles 

6.1. Definition. By a fundamental vector bundle on P™ we mean a bundle of form 
A'^V for g > where V is the universal rank m subbundlc. 

By a fundamenal vector bundle on Ms we mean the pullback of a fundamental 
vector bundle on projective space under a composition ^ftOTTT for t G T c S, where 
: Mt Pl"^!"^ is Kapranov's map. 

For any Young diagram A with at most N — 3 rows, let S\ be the corresponding 
Schur functor and let Sx{V) be the corresponding vector bundle on P^~^. For 
example, vector bundles A'^V correspond to A;-box diagrams with k rows (of one 
box each). 

6.2. Lemma. Let D be the tensor product of at most p fundamental vector bundles 
on P™. Then D is the direct sum of vector bundles of the form Sx{V), where all 
rows of A have at most p boxes. 

Proof. Follows from the Littlewood-Richardson rule. □ 

6.3. Proposition. If X has at mostp boxes in each row then 

H^{Sx(i)) = 

for j > 0, i>p- j. 

Proof. By the Borel-Bott-Weyl theorem, see [T, 8.1] the following holds: Suppose 

A = (Ai, A2, . . . , Xm) 

with Ai > • • • > Xm > 0. If for some i, r = Xi — i, then all the cohomologics vanish 
(the so called singular case of the theorem). Otherwise there is a unique j such 
that 

H^iSx{r))^0 

and it is described as follows: If r > Ai — 1 then j = 0. If Xm —m>r then j = m. 
Otherwise j is the unique index i so that 

Xi-i>r> Aj+i - (i + 1). 

In particular, if r > Xi — i then H^{Sx{r)) = 0. Since p > Aj, the result 
follows. □ 

6.4. Lemma. Let D be the tensor product of at most p fundamental vector bundles 
on P"*. Then D{n) has no higher cohomology for n > p. 

Proof. Follows from Lemma 6.2 and Proposition 6.3. □ 

6.5. Lemma. If D is a product of at mostp+1 fundamental vector bundles on Ms' 
then W{D (k;')®") = for any i > and n > p + 1. 

Proof. Immediate from the Kawamata-Viehweg vanishing theorem and Lemma 3.5. 

□ 

6.6. Corollary. If D is a product of at most p fundamental vector bundles on 
Ms then H\M'' (Ei D ^ k®") = for any i >0, k > 0, andn>p+l. 

Proof. Follows from Lemma 6.5 and Proposition 4.4. □ 

6.7. Proposition. Let D be the tensor product of at most p fundamental vector 
bundles on P™, p>0 (when p = 0, D = O). Then D is p-linear over Opn>(l). 
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Proof. By Lemma 5.7, it suffices to prove that 

M':=0i^°(P^-^D(n)) 

n>p 

is p-linear over 0(1). D is the tensor product of at most p fundamental vector 
bundles of the form A^^V. We argue by induction on X) rij. 

If all Hi = then p = and D = O, which is obviously 0-linear. Otherwise 
suppose we have a tensor factor A''V with q > 0. Wedging the defining sequence 
for V gives an exact sequence 

^ A«y (Ai-^V) ® 0(1) ^ 

with E a trivial bundle. Thus by Lemma 6.4 the module M' sits in an exact 
sequence 

^ M' ^ M ^ M"(l) ^ 0, 
where M and M" are products of trivial vector bundles with products of at most 
p fundamental bundles with smaller X^rij. Now the result follows from Lemma 5.4 
and induction. □ 

§7. KOSZULNESS OF K 

We fix a filtration 

^4 C 5*5 • • • C Sn = S 

as in Theorem 1.1. Let S' = Sn-i- 

Let TT : Ms M s' be the projection map, let ^ : Ms f>N-3 -^^ Kapranov's 
map. Let k' be the log canonical line bundle on Ms' ■ We have a closed embedding 
$ : Ms C P := X p2 • • • X P""^. 

Define 

£ := Opi(l) Kl Op2(2) • • • Kl Opn-3(l). 

7.1. Theorem, k is Koszul. Ojj^ is 1-linear over C. 

7.2. Remark. Thus Ms C P satisfies the analog of the Green-Lazarsfeld condition 
Np for all p, see Lemma 5.14. 

Proof. We argue by induction on TV, the case of Mo, 4 = being obvious. £ is a 
Koszul sheaf by Example 5.2 and Lemma 5.11. So by Lemma 5.12 its enough to 
show Ojj^ is 1-linear over C For this we prove simultaneously by induction 

7.3. Theorem. Let D he the tensor product of at most p fundamental vector bundles 
(ifp = then let D = 0) on Ms- Then $*(£>) is {p + l)-linear over C 

It's clear that D can be written uniquely as 

D = '!T*{D')(g)'^*{D"), 

where D' is a tensor product of at most p fundamental vector bundles on Ms' and 
D" is a tensor product of at most p fundamental vector bundles on P^-^ ^j^g 
form A'^V, where V is the tautological quotient bundle. 
For any sheaf M on P, let 

V{M)= gn{M,£). 

n>p-\-l 

The exact sequence of sheaves (3) induces the complex of ^(£)-modules 



16 



SEAN KEEL AND JENIA TEVELEV 



. . . ^ V{[D' (g) M^] K £'"(-2)) ^ V{D' K D") X>($*(D)) ^ (8) 
Let r := X p2 • • • X P""^ and let £' be the analog of C on P'. 

7.4. Lemma. D' is (p + 2)-linear over £' /or all q > 1. D' is p + 1-linear 

over C . 

Proof. We treat the case of D' ^M"^, the argument for D' is entirely analogous. By 
Lemma 5.7, it suffices to prove that M := Gn{D' (8> k') is {p + 2)-hnear 

n>p+2 

over G{jC'). By Proposition 4.4 and Corollary 6.6, M is extended from modules of 
the form ac'), where £> is a product of at most p+ 1 fundamental vector 

n>p+2 

bundles. So the statement follows from Corollary 5.5 and the inductive assumption 

about Ms' ■ □ 

7.5. Proposition. The i-th cohom,ology module of (8) lives in degrees <p + i. 
Proof. Tensoring the exact sequence (3) with [D' D"] (g) £®" induces an 

n>p+l 

exact sequence of graded sheaves 

. . . J-2 ^ jri ^ jro ^ 0, (9) 
where (for fc > 2) J"*^ = [D'(x)M''-^mD"{-k)](x) £®". Notice that the complex 

n>p+l 

(8) is the complex of global sections of (9). Since (9) is exact, the corresponding 
hypercohomology spectral sequence with 

E}^=W{T-'), i<0, i>0 

abuts to zero. Therefore, it suffices to prove that H^{T'^) lives in degrees less than 
i— j+piovQ<j <i. 

By the Kiinneth formula and Lemma 6.6, it suffices to prove (using Lemma 6.2) 
that H^{S\{n — i)) = ior n > i — j + p, < j < i. Here A is any Young diagram 
with at most p boxes in each row. This follows from Proposition 6.3. □ 

7.6. Corollary. $*(D) is {p + l)-linear over C. 

Proof. We check that the complex (8) satisfies conditions of Lemma 5.8. This 
follows from Proposition 6.7 and Lemma 7.4 (using Lemma 5.15), and from Propo- 
sition 7.5. □ 

This concludes the proof of the Theorem 7.3 □ 

§8. QUADRICS 

We make use of Kapranov's Hilbert scheme realisation of Ms^ as the subschcme 
of Hilb(pl"^l^'^) of Veronese curves (i.e. stable S'''-pointed rational curves embedded 
by global sections of 0Jc{S'^)) through fixed general points in pl'^l-^^ ■y^,i^,]2 

Ms C Mss X Pl'^l-^ 

the universal family. See [Kal, Theorem 0.1]. 

We let TT = TTgs . 

We consider the bundle I2 on Ms= whose fibre at [C] is the vector space of 
quadrics in P"-^ vanishing on C. I.e. 

0^/2- Sym2(V) ^ TT^O^^ ® ) - 
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where V is the trivial bundle H°{M s,ips)- Note I2 = of Lemma 4.1. 

8.1. Definition (Segre Quadrics). Let V, W be vector spaces, X,Y e V, a,^ e W 

Q{x, y e F, a, 7 G ly) := (X (g) cr) (y ® 7) - (X o 7) (g) (r a) G (y iy)®2 

We will abuse notation and use the same symbol for the image of Q in Sym2{V^W). 

8.2. Remark. It is well known that the homogenous ideal of the Segre embedding 

p(y) X F{w) c P(y w) 

is generated by Segre quadrics. 

The following is obvious from the definitions: 

8.3. Lemma. For vector spaces V, W, Z and elements X,Y gV, ct, 7 G W, a,b £ Z 
Q{X,Y G V,a<^a,-/<Sib gW ^ Z) + Q{X,Y eV,ai»b,-fi»aeW^Z) = 

Q{X, y G y, a, 7 G VF) (a (g) 6 + 6 O a) 

in 

(X ® (y (g) = (X (g y)®2 (g, ^®2_ 

8.4. Corollary. Let 

G" C Sym2(y (gTy), G C Sym^iV ® {W (g) Z)) 

be the subspaces generated by Segre quadrics. Then G' g) Sym2(2') is contained in 
the image of G under the natural map 

Sym2(y (ly Z)) ^ Sym2(y ly) Sym2(.Z). 

8.5. Lemma. For any F c , 

H''(Mss,Lp)®H''{Ms,i>s)=H''{Ms,LF). 
Proof. Follows from Lemma 2.3 and Lemma 2.5. □ 

8.6. Theorem. Segre quadrics 

Q{X,Y G H\kf),u,^ & H\Lp)) 
for subsets F c S generate the homogenous ideal of 

Ms C P(iJ°(K)*). 

Proof. We write iS'^ for Sym^. 

By Theorem 1.2 and Theorem 5.3 the homogeneous ideal is generated by quadrics 
so its enough to show Segre quadrics generate the kernel of 

S^iH'^iK)) ^ H\k^^) (8.6.1) 

(8.6.1) factors through 

S^iH''{K))=S^iH'>iKs^)^H°its))^S^iH'>{Kss))®S^iH'\ii,)) (8.6.2) 

Simple linear algebra shows the kernel of (8.6.2) is generated by Segre quadrics, 
so its enough to show that images of Scgrc quadrics generate the kernel of 

(8.6.3) factors through 

S^iH^M) S\H°{i;s)) ^ H°{4f) S^iH^ii^s)) (8.6.4) 
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By induction, Corollary 8.4, and Lemma 8.5 the images of Segre quadrics gen- 
erate the kernel of (8.6.4), thus it is enough to show that images of Segre quadrics 
generate the kernel of 



(8.6.5) is induced by pushforward and taking global sections from 



'Ms 



Ms 



Pushing forward by ns^ we obtain 



(8.6.5) 



5.6.6) 



(8.6.7) 



where the right hand zero (which wc will not use) is implied by Corollary 3.7. 
Now to prove the Theorem it is enough to show that 

H°{i2 ® ) c i?°(Kff ) ® ^'(ir°(^.)) 

is generated by images of Segre quadrics. We prove this by induction on 
Suppose first \S\ > 6. 

For t G 5* consider the commutative diagram. 



M 



5a, t 



There is a natural inclusion iVgs.tih) C I2 (indeed a subbundle) which induces a 
natural inclusion 

H°(Mss..,l2 ® Kff.*) C H\Ms^,l2 ® Kff.O 
Which then gives a natural map 



H°{Mss.t,l2^K%)^S^{H''{Mss,i)t))^H°{Mss,l2^Kf)- (8.6.8) 
Consider the following diagram: 



H°{Mst,Kss,t)®^(»H°{Mss,iPt)®^®H°{Ms^,iP,)) 



02 



H°{Mss , ® S^H°{Mss , Vt)) S^{H°{Ms^,^s)) — ^ if°(«f ') ® S\H\Ms, V'.)) 
where the maps are as follows: 



EQUATIONS FOR Mo,. 



19 



We have natural identifications and inclusions 

7r^a(V'6) = i>b{-^a,b), ai^he A 

if (Ma ,KAr.)^H" (Ma ..^jja) = H^(M a,ka) 

S''{H°(MA,^a)) = SHP^''^-^0{1)) = H'>(MA,^f'') 

H\Ms, 4t) = H°(Mss,4t) = H''(Ms^,4t)- 
e is the composition 

and the other maps are given in the obvious way by multiplication of sections. One 
checks immediately that the diagram is commutative. 

By Lemma 8.9 and Lemma 8.10 the images of maps (8.6.8) over all t & 
generate H^{M s^^h ® Kgs)- By induction the image of 

ffO(Ms.,*,/2 ® nil) C H'>iK%)^S^{H°(Ms^,^,)) 

is generated by images of Segre quadrics under the natural map 

H'(Ms.,Ks^f^ = {H°(Ms^.^,Ks^.*)(^H°(Mst,xP,)f^ ^ H° {k^I)(^S\H° (M , i;, 

Thus 

H^(Ms^,l2<S>4!) C H°{KP)(S>S^{H°(Ms,i^s)) 
is generated by elements of form 

f{Q ^JaWb + bWa)) 

where 

Q G //°(Kf?,0 ® S\H°(Ms^,i,s)) 
is the image of a Segre quadric Q G iI°(K5t)®^ and 

(a (g) 6 + 6 ig) a) eS'^{H° (Egs , Vt ) ) 

is the imago of the symmetric tensor a ® h + h ® a S H^{Ms','4't)'^'^ ■ Now by 
the commutativity of the above diagram, Lemma 8.3, and Lemma 8.5, f{Q ® 
{a®b-\-h®a)) is in the span of images of Segre quadrics. This completes the 
induction step. 

So now suppose \S\ = 5. In this case H^{l2 ® k^s) is two dimensional. So its 
enough to show there are two Segre quadrics whose images in {k^s)'SiS^ {H^ (tps)) 
arc linearly independent. 

Let S = {x, y, z, g, s}. Let R = {x, y, s, g}. We will find a quadric 

Q = Q{X,Y G iJ°(Kii),a,7 G H°{i^,))) 

whose restriction to the fibre [C] = S^^y G Ms= is non-trivial, but whose restriction 
to the fibre [E] = Sx,z is identically zero. The result will then follow by symmetry. 
By the relations 

KR = 0{6x,s + Sy,g) = 0{5y^s + ^X,g) 
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we may choose sections X,Y & H^\kr), ct, 7 6 H"{tpz) with zero divisors 

Z{X) = S:c,S + Sy,g, Z{Y) = 5y^s + ^X,g 

Z{a) = 5z,s + 5y,g + 5x,z, Z(j) = Sg^g + 6y^z + 5x,z- 

The restrictions of the sections 

X(gi(T,y(g)7,X(g)7 

to H°{C, ivciS'')) have zero schemes x -\- z, y + g, x + g, respectively. In particular 
the restrictions of the three sections are linearly independent and so they give a 
basis of (the three dimensional vector space) H°{C,ujc{S'')). Now its clear that 
the restriction of the quadric Q to S^{H^{C,u}c{S^)) is non- trivial. Observe that 
the restriction of Q to 

S\H°iE,u;EiSn) 

is identically zero. Indeed the section a itself vanishes identically along E. □ 

8.7. Lemma. The map 

H\n*Ta {0{-5s,t) ® K®') ^ H\Oi-5s,t) ® k®') (10) 

is surjective for distinct s, t G T, \T\ > 5. 

Proof. Choose x,y G T*'*. Since and Sy^s^t disjoint, we have an exact 

sequence: 

^ Oi-6,,t - Ss,t,. - S,^t,y) ^ 0{n*s4-S,,t)) ® 0(7rJ.(-<5,,t)) ^ 0{-S,,t) ^ 0. 

Let E := Sg^t + Ss,t.x + Ss,t.y Observe E satisfies the conditions of Lemma 3.3 (for 
s = t ^ a, a £ T*'*'^'^). So the sequence remains exact after tensoring by k®^ and 
taking global sections. □ 

8.8. Lemma. The map 

i/°(7r*.(l/v,J <^ «®') ^ H\V^^ n"^^) (11) 

is surjective, for s G T, |T| > 5. 

Proof. Choose t G T"^. We have by Lemma 3.1 and Lemma 6.6 a commutative 
diagram with short exact rows (where we have omitted the left and right zeros for 
reasons of space): 

xeT' xeT' xeT^'t 



Note the first column is surjective, since the sum on the upper left includes the 
case X = t, on which the map is the identity. The right column is surjective by the 
previous lemma. Thus the center column is surjective. □ 

8.9. Lemma. Assume \T\ > 5. The map 
is surjective. 
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Proof. Note that h = oi (4.1). Choose s G T. We have by Theorem 4.3 and 
Lemma 6.6 a commutative diagram with short exact rows (with left and right zeros 

omitted): 

irO(7r*.,.(J2)®K®2) , e irO(7r5..(/2)®K®2) > e H%V^^(^K^ 

xeT xeT xeT' 



Note the first column is surjectivc since the upper left term includes the case x — s 
on which the map is the identity. The right column is surjective by the previous 
lemma. The result follows. □ 

8.10. Lemma. Fort&T, |T > 5| the map 

H\-K*s,{h) ® nf) Sym2(if°(Vt)) ^ H\iT*s,{h) ® n®^) 

is surjective. 

Proof. Since {'JTs*)*{'4't) is trivial, we have by the projection formula 

H°{n*s. (F) Vt) = H^i^h (F)) ® H^^Jt) 
for any vector bundle F on M^* . So its enough to show 

H\TT*stil2) <S) Kst ft) O H\i;t)) ^ H°{7r*st{l2) ® k®^) 
is surjective. Note for any vector bundle W 

H°{W) (g> H^i^t) H^{W ® ipt) 

is surjective so long as H^{W(SiV^J =0. /2(E)k is extended from globally generated 
line bundles by Theorem 4.3 and Lemma 3.5. So we have the necessary vanishing 
by Corollary 3.6. □ 
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